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Quantum non-demolition measurement of photon-arrival using an atom-cavity system
Kunihiro Kojima∗ and Akihisa Tomita†
Quantum Computation and Information Project, ERATO-SORST, JST, Miyukigaoka 34 Ibaraki 305-8501, Japan
A simple and efficient quantum non-demolition measurement (QND) scheme is proposed in which
the arrival of a signal photon is detected without affecting the qubit state. The proposed QND
scheme functions even if the ancillary photon is replaced with weak light composed of vacuum and
one-photon states. Although the detection scheme is designed for entanglement sharing applications,
it is also suitable for general purification of a single photon state.
PACS numbers: 03.67.Hk, 32.80.-t, 42.50.-p
I. INTRODUCTION
Social needs for secure communications to prevent
eavesdropping, impersonation, falsification, and denial of
service have increased dramatically in recent years ac-
companying the expansion of the service industry on the
internet. Communication protocols based on quantum
entanglement with non-local correlation have been the
focus of intensive research as a possible means of provid-
ing secure communications [1, 2]. Such protocols often
require prior sharing of entangled photons [3] or entan-
gled atomic systems [4, 5, 6, 7, 8] among more than two
nodes. However, there is a practical difficulty in sharing
entangled photons between distal nodes, since the pho-
tons are usually transmitted over lossy communication
channels [2, 9]. In such situations, photons entangled at
the input of the channel can readily become a useless mix-
ture of vacuum and photons at the output. To address
this problem, it is necessary to purify the final mixture
by removing the vacuum component [10, 11]. Quantum
non-demolition (QND) measurements, by which the ar-
rival of a signal photon is detected without affecting the
qubit state (encoded into the polarization mode), may
be very suitable for this purpose [3, 12]. In this study, a
new scheme for QND measurement that can be applied
in cases involving the mixture of vacuum and photons is
proposed.
Figure 1(a) shows the general process of QND detec-
tion. In this scheme, an ancillary photon prepared at
the ancillary input Ain is transmitted and the photon is
detected at the detector D1 of the ancillary output Aout
only when a signal photon appears at the signal input
Sin. The mixed state composed of vacuum and one-
photon states at Sin is thus purified into a one-photon
state at the output port Sout after filtering by filter F,
which allows the signal photon to pass through the filter
only when the detector D1 detects the ancillary photon.
When there is no photon at Sin, ancillary photons appear
at the reflection port Aref .
It is necessary to compose the corresponding realiza-
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tions for the above scheme such that the qubit state of
the signal photon is unchanged. Figure 1(b) shows the
proposed QND scheme for the case that the qubit state is
encoded into the polarization mode of the signal photon.
When the signal photon appears at Sin, the photon is
transmitted or reflected at the polarization beam splitter
PBS1 depending on the polarization mode. The polar-
ization of the transmitted photon is orthogonal to that
of the reflected photon. After passing through PBS1, the
wave packet of the signal photon is described by the su-
perposition of the transmitted and reflected wave-packet
components. Each component then enters into the QND
with a single polarization mode (SQND). The elements
SQND on each path are identical.
The process in SQND should be the same as that for
QND in Fig. 1(a) except in two aspects. To maintain
coherence between the transmitted and reflected compo-
nents of the signal photon, the transmitted wave-packet
components of the ancillary photons at each ancillary
output Aout should be combined at the half beam split-
ter BS1 before detection by D2 and D3 (Fig. 1(b)) in
order to erase information on the path taken by the sig-
nal photon. For the same purpose, the input state at each
ancillary input port Ain in Fig. 1(b) must be a superpo-
sition of vacuum and one-photon states. In particular,
when the input state at each Ain is a one-photon state,
the wave-packet component at each ancillary reflection
port Aref must be detected by the same procedure as
for the wave-packet component at each ancillary output
port Aout. The signal component at each output shown
in Fig. 1(b) is recombined by PBS2 after or before detec-
tion for ancillary photons. The signal photon thus passes
through the filter F only when an ancillary photon is de-
tected at D2 or D3.
The functionality of SQND has been proposed and
demonstrated based on a χ(3) material for modulat-
ing the phase of the ancillary photon only when a sig-
nal photon passes through the material [13, 14]. The
phase change is then detected by a single-photon self-
interference measurement after separating the ancillary
photon from the signal photon, which are orthogonally
polarized, by PBS. However, phase modulation by a sin-
gle photon is very small [12], and the interference related
to phase modulation will be suppressed due to entangle-
ment between the signal photon and the ancillary photon,
2which changes the pulse shape of the ancillary photon.
The self-interference effect is thus reduced, degrading the
efficiency of SQND. To avoid the use of weak χ(3) nonlin-
earities, a single-photon QND device composed of linear
optics and projective measurements has been proposed.
However, such a scheme requires strict mode-matching
between the signal photon and the probe photon as one
of a maximally entangled photon pair [12, 15].
The QND measurement scheme is implemented in the
present study by a simple and efficient method involving
a two-sided atom-cavity system consisting of two identi-
cal mirrors and an atom coupled with a single mode of
a cavity. Figure 1(c) shows a schematic of the proposed
implementation for SQND. The polarizations of the sig-
nal and ancillary photons are orthogonal, and the two
photons are combined by the polarization beam splitter
PBS3 and directed to the two-sided atom-cavity system.
The solid circle in Fig. 1(c) represent the intra-cavity
atom, which interacts with photons via the cavity mir-
rors. The ancillary photons are considered to be totally
reflected by the atom cavity when there is no signal pho-
ton at the input. This is realizable as suggested by the
experiments of Turchette and coworkers [16, 17]. When a
signal photon arrives at the input, reflection of ancillary
photons at the atom cavity is suppressed by saturation
of the atomic transition due to the absorption of signal
photons. Detection of the ancillary photon at D2 and D3
thus implies the arrival of the signal photon.
In the scheme shown in Fig. 1(c), the circulator C1
plays the role of separating the signal photon reflected
at the atom cavity from the photon at the input port.
Likewise, C2 separates the ancillary photon reflected at
the atom cavity from the photon at the ancillary input
port Ain. PBS4 separates the signal photon transmit-
ted at the atom cavity from the transmitted ancillary
photon. The signal photon thus appears at output port
1 or 2, where the wave packet of the signal photon is
described by the superposition of the wave-packet com-
ponents of output ports 1 and 2. These components
are then combined by the half beam splitter (BS2) and
the signal wave-packet appears at Output when perfect
mode-matching at BS2 is achieved. For the unachievable
case, the wave-packet component of the signal photon
leaks out on the opposite side of the Output at BS2. The
leaked component will still be useful for QND as shown
in Fig. 1(b) if the leaked components on each path are
combined by PBS and another signal output port is pre-
pared.
The performance of the proposed QND scheme
(Fig. 1(b)) is characterized in terms of efficiency and suc-
cess probability, where the efficiency is defined as the
probability that the signal photon appears at output 1
or 2 (Fig. 1(c)) when the ancillary photon is detected,
while the success probability is defined as the probabil-
ity that the ancillary photon is detected when the sig-
nal photon appears at output port 1 or 2. To estimate
these quantities, the responses of the two-sided atom-
cavity system for one- and two-photon input was ana-
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FIG. 1: (a) Schematic representation of QND measurement of a signal
photon. (b) Proposed QND measurement scheme. (c) Proposed imple-
mentation of SQND for a single-mode polarized photon.
Sin/out: Input/output channel of signal photon; Ain/out/ref : In-
put/output/reflection channel of ancillary photon; F: Filter; BS: Half
beam splitter; R: Polarization rotator (changes the polarization of the
input photon to the orthogonal polarization); C: Circulator; D: Photo-
detector; PBS: Polarization beam splitter
lyzed considering a range of pulse durations for the input
photons. Useful conditions for the QND are also exam-
ined. The pulse shape of the output signal photon after
the time-resolved detection of the ancillary photon is an-
alyzed qualitatively, since information on the pulse shape
is important for processing the signal photons with other
photons. It is found to be possible to increase the effi-
ciency by up to 100 % by increasing the pulse duration of
the ancillary photon. However, the success probability is
decreased simultaneously to 0 % in a trade-off relation-
ship. The efficiency is maintained even if the ancillary
photon is replaced with weak light described by the su-
perposition of vacuum and one-photon states, although
the success probability is reduced in such a case. These
results suggest that the mode-matching between the in-
put light and the cavity mode is less critical in the pro-
posed scheme [18] than in the QND proposals based on
interferometry [12, 13, 15].
The remainder of this paper is organized as follows.
In Sec. II, the Hamiltonian for the two-sided atom-cavity
system is presented and the corresponding model is in-
troduced. The output state for the atom-cavity system
is then derived for one-photon pulse input (Sec. III), and
the output state for two-photon input is obtained using
the results for one-photon input (Sec. IV). In Sec. V, the
performance of the proposed QND is examined quanti-
3tatively and the coherence of the output signal photons
is analyzed qualitatively for the case that the influence
of the dephasing in the QND process is negligible. The
implementation of the proposed QND is then discussed
in Sec. VI.
II. THEORETICAL MODEL
To analyze the responses of a two-sided cavity, in which
a single two-level system couples with the single mode of
the cavity, for one- and two-photon pulse input, a model
of spatiotemporal propagation to and from the two-sided
atom-cavity system is necessary. The proposed model is
illustrated in Fig. 2. The cavity couples with the left-side
field mode FL and the right-side field mode FR via the
two mirrors, which have transmittance T and T ‘ (T =
T
′
). In the figure, g and e denote the ground and excited
states of the single two-level atom. It is assumed that
only one longitudinal and transversal mode is allowed in
the cavity. The vertical arrow on the left side of the cavity
(FL) represents the radiative input (rL < 0) and output
(rL > 0) fields at the cavity, where rL corresponds to the
spatial coordinate. The vertical arrow on the right side
(FR) similarly represents the input (rR < 0) and output
(rR > 0) fields. The two-way arrows at the origin on
the left and right arrows represent coupling of the atom-
cavity system with the radiative fields FL and FR.
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FIG. 2: Schematic representation of cavity geometry
The total Hamiltonian for this model is as follows.
Hˆ =
∑
i=L,R
(
HˆFi + HˆintFi
)
+ Hˆintac (1)
with HˆFi =
∫ ∞
−∞
dk ~ckibˆ
†
Fi
(k)bˆFi(k)
HˆintFi =
∫ ∞
−∞
dk i~
√
cκ
pi
(
bˆ†Fi(k)aˆ− aˆ†bˆFi(k)
)
Hˆintac = ~g
(
aˆ†σˆ− + σˆ
†
−aˆ
)
where σˆ− = |g〉〈e|, and aˆ and bˆFi(k) are the annihilation
operators for the single mode of the cavity and the ra-
diative field Fi (i = L,R), respectively. The single mode
of the cavity is resonantly coupled with the atomic sys-
tem and all the Hamiltonians have been formulated in a
rotating frame defined by the transition frequency of the
atomic system ω0. The wave vector is likewise defined
in the rotating frame, that is, kFi is defined relative to
the resonant wave vector ω0/c. The factor
√
cκ/pi is the
coupling constant between the single mode of the cavity
and the radiative field, where κ is the cavity decay rate
due solely to the coupling of the cavity mode with the
radiative field Fi. The factor g is the coupling constant
between the cavity mode and the two-level system.
The response of the two-sided atom-cavity depends on
the relative magnitude of the cavity decay rate κ with re-
spect to the coupling constant g. The bad-cavity regime
characterized by κ≫ g [19, 20] is assumed, as described
below.
III. ONE-PHOTON PROCESSES
In the following calculations, it is assumed that the
two-level system is in the ground state before the ar-
rival of the input one-photon pulse from the left side
of the cavity. The state of the field-atom-cavity system
for one-photon processes can be expanded on the basis
of the wavenumber eigenstates |kL〉 and |kR〉 of the ra-
diative fields, the excited state of the two-level system
|E〉, and the cavity one-photon state |C〉. The state |kL〉
denotes a state with the atom in the ground state g,
the cavity mode a and all modes of the ”R field” kR
in the vacuum state, and one mode of the ”L field” kL
in the first excited state, with the remaining states be-
ing the vacuum state, i.e., |kL〉 = |g, 0a, 1kL , 0kR〉. Like-
wise, |kR〉 = |g, 0a, 0kL , 1kR〉, |C〉 = |g, 1a, 0kL , 0kR〉, and
|E〉 = |e, 0a, 0kL , 0kR〉. The quantum state for the one-
photon process can then be written as
|Ψ(t)〉 = Φ(E; t)|E〉+ Λ(C; t)|C〉
+
∫
dkL ψ(kL; t)|kL〉
+
∫
dkR φ(kR; t)|kR〉 (2)
4On these bases, the Hamiltonian given by eq. (1) can be
expressed as
Hˆ1ph = ~ckˆL + ~ckˆR
+ i~
√
cκ
pi
∫ ∞
−∞
dkL (|kL〉〈C| − |C〉〈kL|)
+ i~
√
cκ
pi
∫ ∞
−∞
dkR (|kR〉〈C| − |C〉〈kR|)
+ ~g (|C〉〈E|+ |E〉〈C|)
where kˆj =
∫ ∞
−∞
dkj |kj〉〈kj |. (3)
The equations for the temporal evolution of the proba-
bility amplitudes Φ(E; t), Λ(C; t), ψ(kL; t) and φ(kR; t)
can thus be obtained from the Schro¨dinger equation
i~d/dt|Ψ(t)〉 = Hˆ|Ψ(t)〉 using eqs. (2) and (3) as follows.
d
dt
Φ(E; t) = −igΛ(C; t) (4)
d
dt
Λ(C; t) = −igΦ(E; t)
−
√
cκ
pi
∫
dkL ψ(kL; t)−
√
cκ
pi
∫
dkR φ(kR; t)
(5)
d
dt
ψ(kL; t) = −ikLcψ(kL; t) +
√
cκ
pi
Λ(C; t) (6)
d
dt
φ(kR; t) = −ikRcφ(kR; t) +
√
cκ
pi
Λ(C; t), (7)
The evolutions ψ(kL; t) and φ(kR; t) can be obtained
by integrating eqs. (6) and (7):
ψ(kL; t) = e
−ikLc(t−ti)ψ(kL; ti)
+
√
cκ
pi
∫ t
ti
dt
′
e
−ikLc
“
t−t′
”
Λ(C; t
′
) (8)
φ(kR; t) = e
−ikRc(t−ti)φ(kR; ti)
+
√
cκ
pi
∫ t
ti
dt
′
e
−ikRc
“
t−t′
”
Λ(C; t
′
), (9)
where ti is the initial time of the evolution. To describe
the evolution in real space, the results of the integrations
of eqs. (8) and (9) are subjected to Fourier transforma-
tion using
ψj(rj ; t) ≡
{
1√
2pi
∫∞
−∞ dkj e
ikj ·rjψ(kj ; t) for rj < 0
− 1√
2pi
∫∞
−∞ dkj e
ikj ·rjψ(kj ; t) for rj > 0,
where j = L,R (10)
As the incoming field rj < 0 is discontinuously connected
to the outgoing field rj > 0 via the mirror of the cavity,
which changes the phase of the incoming field by pi, the
phase of the incoming field amplitude is different from
that of the outgoing amplitude by pi.
The real-space representation of the temporal evolu-
tion on the field FL is then given by
ψL(rL; t)
=


ψL(rL − c(t− ti); ti) for rL < 0
−ψL(rL − c(t− ti); ti) for c(t− ti) < rL
−ψL(rL − c(t− ti); ti)−
√
2κ
c Λ(C; t− rLc )
for 0 < rL < c(t− ti).
(11)
The first case corresponds to the single-photon amplitude
propagating on the incoming field rL < 0, the second case
corresponds to reflection of the single-photon amplitude
by the left mirror of the cavity and then propagation on
the outgoing field rL > 0, and the third case consists
of two parts; the component reflected by the left mirror,
and the amplitude of a single photon re-emitted into the
outgoing field rL > 0 after absorption by the cavity.
Likewise, the real-space representation of the temporal
evolution on the field FR reads as
φR(rR; t)
=


φR(rR − c(t− ti); ti) for rR < 0
−φR(rR − c(t− ti); ti) for c(t− ti) < rR
−φR(rR − c(t− ti); ti)−
√
2κ
c Λ(C; t− rRc )
for 0 < rR < c(t− ti).
(12)
The temporal evolution of the cavity one-photon ampli-
tude can be obtained by integrating eq. (5) and using the
Fourier transform (10):
Λ(C; t) = −ig
∫ t
ti
dt
′
e
−2κ
“
t−t′
”
Φ(E; t
′
)
+ e−2κ(t−ti)Λ(C; ti)
−
√
2κc
∫ t
ti
dt
′
e
−2κ
“
t−t′
”
ψL(−c(t
′ − ti); ti)
−
√
2κc
∫ t
ti
dt
′
e
−2κ
“
t−t′
”
φR(−c(t
′ − ti); ti)
(13)
Since, in the present analysis, the atom-cavity system is
in the ground state before the one-photon input pulse
propagating on the field FL arrives at the system, the
cavity-state amplitude Λ(C; ti) and the excited-state am-
plitude Φ(E; ti) at the initial time are zero, and the field
amplitude ψL(rL; ti) is zero for the region rL > 0. More-
over, it is assumed that the state of the field FR is initially
the vacuum state, that is, the field amplitude φR(rR; ti)
is zero. Under these assumptions, eqs. (12) and (13) can
5be reduced as follows.
Λ(C; t) = −ig
∫ t
ti
dt
′
e
−2κ
“
t−t′
”
Φ(E; t
′
)
−
√
2κc
∫ t
ti
dt
′
e
−2κ
“
t−t′
”
ψL(−c(t
′ − ti); ti)
(14)
φR(rR; t)
=
{
0 for rR < 0 or c(t− ti) < rR
−
√
2κ
c Λ(C; t−
rFR
c ) for 0 < rR < c(t− ti).
(15)
It is assumed above that the atom-cavity system is
in the bad-cavity regime characterized by κ ≫ g. The
cavity one-photon amplitude given by eq. (14) can then
be approximated as
Λ(C; t) ≃ −i g
2κ
Φ(E; t)
−
√
2κc
∫ t
ti
dt
′
e
−2κ
“
t−t′
”
ψL(−c(t
′ − ti); ti)
(16)
The excited-state amplitude Φ(E; t) can be obtained by
integrating eq. (4) and then substituting eq. (16), afford-
ing
Φ(E; t) ≃ ig
√
2κc
∫ t
ti
dt
′′
e
−Γ
2
“
t−t′′
”
×
∫ t′′
ti
dt
′
e
−2κ
“
t
′′−t′
”
ψL(−c(t
′ − ti); ti)
, where Γ = g2/κ (17)
The temporal evolution of the excited-state amplitude
is explicitly dominated by the atomic dipole relaxation
characterized by the rate Γ and is implicitly and effec-
tively restricted by the cavity decay characterized by the
rate κ and the input pulse duration. The reduction of
that amplitude due to the cavity decay prevents efficient
interaction between the input photon and the two-level
system, which is the starting point of efficient nonlinear
two-photon interaction. It is therefore assumed that the
pulse duration of the input one-photon is much larger
than the cavity decay time 1/κ. The excited-state am-
plitude (17) can then be approximated as
Φ(E; t) ≃ i
√
cΓ
2
∫ t
ti
dt
′′
e
−Γ
2
“
t−t′′
”
ψL(−c(t
′′ − ti); ti)
for t− ti ≫ 1/κ(18)
Likewise, the cavity one-photon amplitude given by
eq. (16) can be approximated with eq. (18) as
Λ(C; t) ≃ Γ
2g
√
cΓ
2
∫ t
ti
dt
′′
e
−Γ
2
“
t−t′′
”
ψL(−c(t
′′ − ti); ti)
−
√
c
2κ
ψL(−c(t− ti); ti) for t− ti ≫ 1/κ (19)
The effective field amplitude for ψL(rL; t) can be ob-
tained by substituting eq. (19) into eq. (11), giving
ψL(rL; t)
≃


ψL(rL − c(t− ti); ti) = 0 for c(t− ti) < rL
ψL(rL − c(t− ti); ti) for rL < 0
−Γ2
∫ t
ti
dt
′′
e
−Γ
2
“
t−rL/c−t
′′
”
ψL(−c(t′′ − ti); ti)
for 0 < rL < c(t− ti).
(20)
Here, the first case is equal to zero, since the field am-
plitude ψL(rL; ti) is assumed to be initially equal to zero
for rL > 0. The second case corresponds to the incoming
field amplitude at the atom-cavity system, and the third
case corresponds to the field amplitude of the photon re-
emitted by the intra-cavity atomic system.
The effective field amplitude for φR(rR; t) can similarly
be obtained as
φR(rR; t)
≃


φR(rR − c(t− ti); ti) = 0
for rR < 0 or c(t− ti) < rR
−Γ2
∫ t
ti
dt
′′
e
−Γ
2
“
t−rR/c−t′′
”
ψL(−c(t′′ − ti); ti)
+ψL(rR − c(t− ti); ti) for 0 < rR < c(t− ti).
(21)
Here, the first case is equal to zero according to the initial
condition, and the second case represents the interference
between the field amplitude of the transmitted photon
without absorption by the atomic system and the field
amplitude of the photon re-emitted by the atomic system.
To investigate the outgoing amplitudes ψL(rL > 0; t);
φR(rR > 0; t) for an arbitrary incoming amplitude under
the above-mentioned initial conditions, it is convenient to
represent the outgoing amplitudes as a matrix element of
the evolution operator, as follows.
ψL(rL; t) = 〈rL|Ψ(t)〉
=
∫ ∞
−∞
dr
′
L u
(L)
1ph(rL, r
′
L; t− ti)
× ψL(r
′
L; ti) (22)
φR(rR; t) = 〈rR|Ψ(t)〉
=
∫ ∞
−∞
dr
′
L u
(R)
1ph(rR, r
′
L; t− ti)
× ψL(r
′
L; ti) (23)
Here, u
(L)
1ph(rL, r
′
L; t − ti) and u(R)1ph(rR, r
′
L; t − ti) are the
matrix elements of the evolution operator e−
i
~
Hˆ1ph , rep-
resenting the transition probability amplitude from the
6state |r′L〉 at time ti to the state |rLorR〉 at time t, where
|rj〉 ≡ 1√2pi
∫∞
−∞ dkj e
−ikjrj |kj〉 for j = L,R. These ma-
trix elements can be obtained approximately by compar-
ing the results of eqs. (20), (21), (22), and (23), as follows.
u
(L)
1ph(rL, r
′
L; t− ti) ≃ u(L)abs(rL, r
′
L; t− ti) (24)
u
(R)
1ph(rR, r
′
L; t− ti) ≃ u(R)trans(rR, r
′
L; t− ti)
+ u
(R)
abs (rR, r
′
L; t− ti) (25)
with u
(R)
trans(rR, r
′
L; t− ti) = δ
(
rR − c(t− ti)− r
′
L
)
and u
(j)
abs(rj , r
′
L; t− ti) =

− Γ2ce
− Γ
2c
“
c(t−ti)+r
′
L−rj
”
for 0 < rj < c (t− ti) + r′L and r
′
L < 0
0 for rj > c (t− ti) + r′L or r
′
L > 0.
for j = L,R.
(26)
The component utrans is the transition component for
the transmitted photon without absorption by the atomic
system, while uabs is the transition component for the
photon re-emitted by the atomic system.
IV. TWO-PHOTON PROCESSES
The interaction between two photons in the atom-
cavity system is treated as follows. It is assumed that the
two photons Photon1 and Photon2 are distinguishable,
by the polarization mode in this case. The atomic sys-
tem described by the theoretical model can thus be im-
plemented as a V-type three-level system. In the V-type
system, there are two excited states, |ξ1〉 and |ξ2〉, with
orthogonal polarizations but sharing the same ground
state |g〉 (see Fig. 3). The transition to the excited state
|ξ1(2)〉 is caused by Photon1 (2). According to this rep-
resentation, the total Hamiltonian is given by
Hˆ =
∑
i=L,R;j=1,2
(
Hˆ
(j)
Fi
+ Hˆ
(j)
intFi
)
+ Hˆ
(j)
intac (27)
with Hˆ
(j)
Fi
=
∫ ∞
−∞
dk ~ckibˆ
†
Fij
(k)bˆFij (k)
Hˆ
(j)
intFi
=
∫ ∞
−∞
dk i~
√
cκ
pi
(
bˆ†Fij (k)aˆj − aˆ
†
j bˆFij (k)
)
Hˆ
(j)
intac = ~g
(
aˆ†j σˆ
(j)
− + σˆ
†(j)
− aˆj
)
where σˆ
(j)
− = |g〉〈ξj |, and aˆj and bˆFij (k) are the annihi-
lation operators for the jth mode of the cavity and the
radiative field Fij (i = L,R and j = 1, 2), respectively.
The other conditions are the same as in the theoretical
model.
1
Photon1 Photon2
j
1
i j
2
i
jgi
FIG. 3: V-type three-level system
To extend the response function for the one-photon in-
put given by eqs. (24) and (25) to the two-photon case,
the state description for one-photon processes presented
above must be extended to two-photon processes to af-
ford the total Hamiltonian given by eq. (27) for the distin-
guishable two-photon input involving Photon1 and Pho-
ton2. The states for two-photon processes obtained by
extending the state description for one-photon processes
are as follows.
|C1〉 ⊗ |C2〉, |E1〉 ⊗ |C2〉
|C1〉 ⊗ |E2〉, |ki1〉 ⊗ |ki′2〉
|C1〉 ⊗ |ki2〉, |ki1〉 ⊗ |C2〉
|E1〉 ⊗ |ki2〉, |ki1〉 ⊗ |E2〉, |E1〉 ⊗ |E2〉 (28)
Here, i, i
′
= L,R. The state |kLj〉 denotes a state
with the atom in the ground state gj, the cavity mode
aj and all modes of the ”Rj field” kRj in the vacuum
state, and one mode of the ”Lj field” kLj in the first
excited state, with the remaining states being the vac-
uum state, i.e., |kLj〉 = |gj, 0aj , 1kLj , 0kRj〉. Likewise,
|kRj〉 = |gj , 0aj , 0kLj , 1kRj〉, |Cj〉 = |gj , 1aj , 0kLj , 0kRj 〉,
and |Ej〉 = |ej , 0aj , 0kLj , 0kRj 〉 for j = 1, 2.
Denoting the states |g〉, |ξ1〉, and |ξ2〉 of the V-type
system by |g1, g2〉, |e1, g2〉, and |g1, e2〉, the interaction
Hamiltonian Hˆ
(j)
intac given in eq. (27) can be rewritten for
the interaction with two distinguishable photons (Pho-
ton1 and Photon2) as
∑
j=1,2
Hˆ
(j)
intac
= ~g
∑
i=L,R
(|C1〉〈E1|+ |E1〉〈C1|)
⊗
(
|C2〉〈C2|+
∫ ∞
−∞
dki2 |ki2〉〈ki2|
)
+
(
|C1〉〈C1|+
∫ ∞
−∞
dki1 |ki1〉〈ki1|
)
⊗ (|C2〉〈E2|+ |E2〉〈C2|) . (29)
See appendix A for the derivation of eq. (29)). To facili-
tate formulation of the matrix element of temporal evo-
lution for two-photon processes, the Hamiltonian given
by eq. (29) is further divided into a linear term and a
7nonlinear term as follows.
Hˆintac = Hˆ
lin
intac + Hˆ
Nonlin
intac
, where Hˆ linintac = ~g
(
(|C1〉〈E1|+ |E1〉〈C1|)⊗ Iˆ(2)1ph
+Iˆ
(1)
1ph ⊗ (|C2〉〈E2|+ |E2〉〈C2|)
)
(30)
HˆNonlinintac = −~g ((|C1〉〈E1|+ |E1〉〈C1|)⊗ |E2〉〈E2|
+|E1〉〈E1| ⊗ (|C2〉〈E2|+ |E2〉〈C2|))
(31)
with Iˆ
(j)
1ph =
∑
i=L,R
(
∫ ∞
−∞
dkij |kij〉〈kij |+ |Cj〉〈Cj |
+ |Ej〉〈Ej |)
The linear term given by eq. (30) describes the dynam-
ics of the two photons Photon1 and Photon2, which are
absorbed and emitted independently. The linear Hamil-
tonian includes transitions to the state |E1,E2〉, where
both photons are absorbed by the atomic system. This
transition is impossible in a two-level system (a V-type
three-level system is considered here). The nonlinear
term given by eq. (31) suppresses transitions to the state
|E1,E2〉.
The total Hamiltonian given by eq. (27) for two-photon
processes is thus given by
Hˆ2ph = Hˆ
lin + HˆNonlin. (32)
Hˆ lin = Hˆ
(1)
1ph ⊗ Iˆ(2)1ph + Iˆ(1)1ph ⊗ Hˆ(2)1ph, (33)
HˆNonlin = −
(
Hˆ
(1)
intac ⊗ |E2〉〈E2|+ |E1〉〈E1| ⊗ Hˆ(2)intac
)
(34)
where Hˆ
(j)
1ph = Hˆ
(j)
intac +
∑
i=L,R
~ckˆ(ij) + Hˆ
(ij)
intfc
+ |Ej〉〈Ej |)
with kˆ(ij) =
∫ ∞
−∞
dkij kij |kij〉〈kij |
Hˆ
(ij)
intfc = i~
√
cκ
pi
∫ ∞
−∞
dkij (|kij〉〈Cj | − |Cj〉〈kij |) ,
and Hˆ
(j)
intac = ~g (|Cj〉〈Ej |+ |Ej〉〈Cj |)
where the indices i = L,R distinguish the left-side field
of the two-sided cavity from the right-side field, and the
indices j = 1, 2 distinguish the two photons and the two
excited states.
As the temporal evolution described by Hˆ lin is com-
posed of the evolution of a single photon, the correspond-
ing matrix element of the temporal-evolution operator
can be expressed as the product of the individual single-
photon matrix elements given by eqs. (24) and (25), i.e.,
u
lin(jk)
2ph (rj1, rk2; r
′
L1, r
′
L2; t− ti)
= u
(j)
1ph(rj1; r
′
L1; t− ti) · u(k)1ph(rk2; r
′
L2; t− ti)
(35)
for j, k = L,R.
The components of reemission from the state |E1,E2〉 can
be effectively described by
u
(j)
abs(rj1, r
′
L1; t− ti) · u(k)abs(rk2, r
′
L2; t− ti) (36)
for 0 < rj1, rk2 < c (t− ti) +Min
[
r
′
L1, r
′
L2
]
using eq. (26). These reemission components refer to
the process in which the two photons are absorbed and
reemitted simultaneously by an atom. However, the non-
linear term (34) eliminates these components [19]. The
total matrix element for two-photon processes can thus
be described by
u
(jk)
2ph (rj1, rk2; r
′
L1, r
′
L2; t− ti)
= u
lin(jk)
2ph (rj1, rk2; r
′
L1, r
′
L2; t− ti)
+ u
Nonlin(jk)
2ph (rj1, rk2; r
′
L1, r
′
L2; t− ti), (37)
where u
Nonlin(jk)
2ph (rj1, rk2; r
′
L1, r
′
L2; t− ti) ≃ − ( eq. (36)) .
The output wave-function on the left-side and right-side
output fields can then be expressed as
Ψjk(rj1, rk2; t)
=
∫ ∞
−∞
dr
′
L1dr
′
L2 u
(jk)
2ph (rj1, rk2; r
′
L1, r
′
L2; t− ti)
×ΨLL(r
′
L1, r
′
L2; ti) (38)
for j, k = L,R.
The output wave-function describes the far-field state of
the photons after interaction with the atom-cavity sys-
tem. In general, a two-photon wave-function propagat-
ing in free space is given by Ψjk(rj1, rk2; t) = Ψjk(rj1 −
ct, rk2−ct). The results of eq. (37) and (38) can therefore
be simplified by transformation to a moving coordinate
system, i.e.,
rj1 − ct = xj1
rj2 − ct = xj2
r
′
L1 − cti = x
′
L1
r
′
L2 − cti = x
′
L2
for j, k = L,R.
In this coordinate system, the output wave-function in
8the outgoing far-field is expressed as
Ψ
(jk)
out (xj1, xk2)
≃
∫ ∞
−∞
dx
′
L1dx
′
L2
× u(jk)2ph (xj1, xk2;x
′
L1, x
′
L2) ·Ψ(LL)in (x
′
L1, x
′
L2) (39)
for j, k = L,R.
where u
(jk)
2ph (xj1, xk2;x
′
L1, x
′
L2) is given by
u
(jk)
2ph (xj1, xk2;x
′
L1, x
′
L2) = u
lin(jk)
2ph (xj1, xk2;x
′
L1, x
′
L2)
+ u
Nonlin(jk)
2ph (xj1, xk2;x
′
L1, x
′
L2)
where u
lin(jk)
2ph (xj1, xk2;x
′
L1, x
′
L2)
= u
(j)
1ph(xj1;x
′
L1) · u(k)1ph(xk2;x
′
L2)
with
u
(L)
1ph(xL, x
′
L) = u
(L)
abs(xL, x
′
L)
u
(R)
1ph(xR, x
′
L) = u
(R)
trans(xR, x
′
L) + u
(R)
abs (xR, x
′
L)
u
(j)
trans(xj ;x
′
L) = δ
(
x
′
L − xj
)
u
(j)
abs(xj ;x
′
L) = −
Γ
2c
e
− Γ
2c
“
x
′
L−xj
”
for xj < x
′
L,
and u
Nonlin(jk)
2ph (xj1, xk2;x
′
L1, x
′
L2)
= −u(j)abs(xj1, x
′
L1) · u(k)abs(xk2, x
′
L2)
for 0 < xj1, xk2 < Min
[
x
′
L1, x
′
L2
]
.
V. PERFORMANCE OF QND MEASUREMENT
The performance of the proposed QND (Fig. 1) is eval-
uated using eq. (39). The pulsed mode of the one- and
two-photon input is assumed to be a Gaussian mode
Ψin(xL) =
√
2
d
√
pi
exp
[−2x2L/d2], where d is the input
pulse duration. The one- and two-photon pulsed state
can thus be described by
|Ψ1phin 〉 =
∫
dxLΨin(xL)|xL〉 and (40)
|Ψ2phin 〉 = |Ψin1〉 ⊗ |Ψin2〉
=
∫
dxL1dxL2Ψin(xL1) ·Ψin(xL2)|xL1;xL2〉.
(41)
The corresponding output states can be formulated using
eq. (39) as
|Ψ1phout 〉 =
∑
j=L,R
∫
dxLΨ
(j)
out(xj)|xj〉 (42)
|Ψ2phout 〉 =
∑
j,k=L,R
∫
dxj1dxk2Ψ
(jk)
out (xj1, xk2)|xj1;xk2〉,
(43)
where
Ψ
(j)
out(xj) =
∫
dx′ju
(j)
1ph(xj ;x
′
L) ·Ψin(x
′
L)
Ψ
(jk)
out (xj1, xk2) =
∫
dx
′
L1dx
′
L2
×u(jk)2ph (xj1, xk2;x
′
L1, x
′
L2) ·Ψin(x
′
L1) ·Ψin(x
′
L2)
The transmittance and reflectance of the atom-cavity sys-
tem for one- and two- photon input can be characterized
by the detection probabilities on the left and right sides
of the cavity, as given by
P1ph(j; d) =
∫
dxj
∣∣∣Ψ(j)out(xj)∣∣∣2 (44)
P2ph(j1, k2; d) =
∫
dxj1dxk2
∣∣∣Ψ(jk)out (xj1, xk2)∣∣∣2(45)
for j, k = L,R.
As mentioned in the introduction, the performance of the
QND can be characterized in terms of efficiency and suc-
cess probability. The efficiency is defined as the probabil-
ity that the signal photon appears at the output when the
detector D1 or D2 (Fig. 1(b)) detects an ancillary pho-
ton. Note that the probability associated with detection
of the arrival of the signal photon is different from the
probability related to detection of the ancillary photon:
the former is given by P2ph(R1, L2; d)+P2ph(R1, R2; d),
while the latter is given by adding P1ph(R; d) to the for-
mer. The efficiency is thus given by the former divided
by the latter, i.e.,
EQND(d)
=
P2ph(R1, R2; d) + P2ph(R1, L2; d)
P1ph(R; d) + P2ph(R1, R2; d) + P2ph(R1, L2; d)
(46)
This equation is obtained using eqs. (44) and (45). Like-
wise, the success probability is defined as the probabil-
ity that the detector D2 or D3 detects an ancillary pho-
ton when the signal photon appears at output 1 or 2
(Fig. 1(c)), as given by
Psuc(d) = P2ph(R1, R2; d) + P2ph(R1, L2; d), (47)
This equation holds when the state at the ancillary in-
put port Ain on each path (Fig. 1(b)) is a single photon
state. This condition gives the upper-limit of the success
probability.
9Figure 4 shows the efficiency EQND(d) and success
probability Psuc(d) for the proposed scheme. The sym-
metric case is that in which the pulse durations of the an-
cillary and signal photons are identical, while the asym-
metric case is that in which the pulse duration of the
ancillary photon is fixed at 40/Γ, corresponding to an an-
cillary photon transmittance of 0.49%. The efficiency can
be increased to 100% by increasing the pulse duration of
the ancillary photon. However, the success probability is
simultaneously decreased to 0 %. Considering this trade-
off relationship, the efficiency at a success probability of
10% is 94.3%. A success probability of 8% is obtained
for pulse durations of 40/Γ in the symmetric case. In the
asymmetric case, efficiency of 95.5% was obtained with a
success probability of 10% for pulse durations of 12.5/Γ
(signal) and 40/Γ (ancillary). The asymmetric case thus
relaxes the requirements for the signal pulse in the QND.
For example, efficiency of greater than 90% is achievable
over a wide range of signal photon pulse durations while
maintaining a success probability of around 10%. Fur-
thermore, the jitter of the signal photon is larger than the
pulse duration of the signal photon yet smaller than the
pulse duration of the ancillary photon. The asymmetric
case therefore allows the arrival time and pulse shape of
the signal pulse to be determined by time-resolved photo-
detection of the ancillary photon in conjunction with the
output function eq. (39). Information on the pulse-shape
of the output signal photon will become important when
the signal photon is processed with another photon.
When the pulse durations of the signal and ancillary
photons are much longer than the radiative relaxation
time 1/Γ, the output wavefunctions associated with the
detection of the ancillary photons, Ψ
(RL)
out (xR1, xL2) and
Ψ
(RR)
out (xR1, xR2), can be approximated by the nonlin-
ear component
∫∞
−∞ dx
′
1dx
′
2u
Nonlin
2ph (x1, x2;x
′
1, x
′
2)Ψin(x
′
1)·
Ψin(x
′
2). For simplicity, if the pulse shapes of the sig-
nal and ancillary photons are assumed to be rectan-
gular and the pulse duration of the signal photon d2
is set much shorter than that of the ancillary pho-
ton d1, the nonlinear component can be expressed as
−(1/d2)e−(Γ/2c)|x1−x2|. This function indicates that the
pulse shape of the signal photon is not dependent on the
detection timing of the ancillary photon. For a Gaussian
pulse shape, the nonlinear component at x1 = x2 is de-
scribed by a Gaussian function. However, the conclusion
remains the same as in the rectangular case.
VI. DISCUSSION
One of the promising candidates for experimental re-
alization of the two-sided atom-cavity is a single quan-
tum dot exciton system coupled with the cavity mode
of a photonic crystal [21]. Such a system provides de-
sign capabilities for temporal stability and reproductiv-
ity of the dipole coupling with the cavity mode. For a
transition frequency and oscillator strength of the exci-
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FIG. 4: (a) Efficiency and (b) success probability of QND measure-
ment. Solid and broken lines denote symmetric and asymmetric cases
of pulse duration. The rate Γ is the dipole relaxation rate described by
g2/κ, where g and κ represent the coupling constant of the atom-cavity
system and the cavity decay rate, respectively
ton of ν0 = 2.35 × 105 GHz (0.97 eV) and f = 100,
the mode volume of a two-dimensional photonic crys-
tal is Vm = 0.02 µm
3, with a coupling constant g of
0 ∼ 132 GHz. As the bad-cavity regime is typically
κ ≃ 4g, the resultant radiative relaxation rate Γ can take
values of 0 ∼ 33 GHz. If the decoherence time of the
exciton by phonons is ca. 1 ns [22], the pulse duration of
the ancillary photon should be less than 500 ps in order
to avoid decoherence by phonons. Under this condition,
the maximal efficiency for the QND is 86% and the suc-
cess probability is 20% in the symmetric case. As there is
little difference between the symmetric and asymmetric
cases in terms of efficiency and success probability, the
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corresponding values for the asymmetric case should be
similar. Note that the efficiency of 86% is a maximum,
since the temporal evolution of a single exciton dipole
under interaction with phonons, driven by weak coherent
light with pulse duration of 500 ps or more is unknown.
This temporal evolution should therefore be investigated
experimentally as part of future research. It will also
be necessary to conduct detailed theoretical analyses of
the decoherence time by phonons beyond the indepen-
dent boson model [20, 23] in order to discuss efficiencies
of greater than 90%.
VII. CONCLUSION
A QND measurement scheme involving a two-sided
atom-cavity system for the detection of photon arrival
in entanglement sharing was proposed. The efficiency
and success probability of the scheme were estimated by
analyzing the responses of the two-sided atom-cavity sys-
tem for one- and two-photon input over a range of input
pulse duration. The conditions for improved QND per-
formance were also examined. Efficiency of up to 100%
was found to be possible by increasing the pulse duration
of the ancillary photon, although the success probability
is simultaneously reduced to 0% in a trade-off relation-
ship. For a success probability of 10%, with relaxation
of the requirements for the signal pulse in the QND, effi-
ciency of 95.5% was obtained. In the case of signal pho-
tons with pulse duration of 12.5/Γ and ancilliary photons
with pulse duration of 40/Γ, the obtained success proba-
bility was 10%. The success probability can be increased
to 100% by returning the signal photon to the input when
no ancillary photon is detected on the right side of the
cavity. Decoherence on the signal wave-packet after de-
tection of the ancillary photon is suppressed by choosing
signal and ancillary photon pulse durations much larger
than the radiative relaxation time of the atom-cavity, in
which case the pulse shape of the signal photon is ap-
proximated by the wave function ψ(x) =
√ℵ· e−(Γ/2c)|x|,
where ℵ is a normalization factor.
The proposed QND scheme functions correctly even
if the ancillary photon is replaced with weak light de-
scribed by the superposition of vacuum and one-photon
states. Therefore, the proposal is applicable not only for
entanglement sharing but also for general purification of
a single photon state. Realization of the proposal scheme
is therefore expected to drive substantial progress in pho-
ton manipulation technology.
APPENDIX A: DERIVATION OF EQ. (29)
In the temporal evolution under the total Hamiltonian
given by eq. (27), the initial number of energy quanta
is always preserved. For example, the number of energy
quanta for a two-photon input is two, and this number is
always preserved even upon interaction with the atom-
cavity system. The possible states in the interaction of
the V-type three-level system with two distinguishable
photons Photon1 and Photon2 are thus
|g〉 ⊗ |F(l)1 〉 ⊗ |F(l
′
)
2 〉
|ξ1〉 ⊗ |F(0)1 〉 ⊗ |F(l
′
)
2 〉
|ξ2〉 ⊗ |F(l)1 〉 ⊗ |F(0)2 〉 for l, l
′
= 1, 2, 3
, where |F(0)m 〉 ≡ |0am , 0kLm , 0kRm〉,
|F(1)m 〉 ≡ |1am , 0kLm , 0kRm〉,
|F(2)m 〉 ≡ |0am , 1kLm , 0kRm〉
, and |F(3)m 〉 ≡ |0am , 0kLm , 1kRm〉.
The state |0am , 1kLm , 0kRm〉 denotes a state in which the
cavity mode am and all modes of the ”Rm field” kRm
are in the vacuum state, and one mode of the ”Lm field”
kLm is in the first excited state, with the remaining states
being the vacuum state. The state |0am , 0kLm , 0kRm〉 de-
notes a state in which the cavity mode am and all modes
of the ”Rm field” kRm and the ”Lm field” kLm are in the
vacuum state. The same holds for |1am , 0kLm , 0kRm〉 and
|0am , 0kLm , 1kRm〉.
On the truncated Hilbert space composed of these
states, the matrix representation of the operators aˆ†1σˆ
(1)
−
and aˆ†2σˆ
(2)
− are given by
aˆ†1σˆ
(1)
− = |g〉〈ξ1| ⊗ |F(1)1 〉〈F(0)1 |
⊗
(
|F(1)2 〉〈F(1)2 |+
∫ ∞
−∞
dkL2 |F(2)2 〉〈F(2)2 |
+
∫ ∞
−∞
dkR2 |F(3)2 〉〈F(3)2 |
)
(A1)
aˆ†2σˆ
(2)
− = |g〉〈ξ2|
⊗
(
|F(1)1 〉〈F(1)1 |+
∫ ∞
−∞
dkL1 |F(2)1 〉〈F(2)1 |
+
∫ ∞
−∞
dkR1 |F(3)1 〉〈F(3)1 |
)
⊗ |F(1)2 〉〈F(0)2 |.
(A2)
To express the above operators as those acting on the
Hilbert space spanned by the state descriptions given by
eq. (28), we start from expressing the quantum state of
the V-type atomic system as the quantum state of the
two two-level atomic systems where the Hilbert space is
spanned by the basis {|g1, g2〉, |e1, g2〉, |g1, e2〉, |e1, e2〉}.
The V-type atomic system, where the excited state is
|ξ1〉 or |ξ2〉 or the superposition of these states, doesn’t
emit two photons simultaneously. On the other hand,
the two two-level atomic systems in the double excited
state (|e1, e2〉) emit two photons simultaneously. This
difference implies that the quantum state of the V-type
system should be expressed as a quantum state in the
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subspace spanned by the basis except for the double ex-
cited state |e1, e2〉 of the two two-level atomic systems.
The ground state of the V-type atomic system |g〉 corre-
sponds to the ground state of the two two-level atomic
systems |g1, g2〉. From the view-point of single photon
resonant transition processes, the allowed transition to
and from either of the two excited states |ξ1〉 and |ξ2〉
correspond to the transition to and from either of the
two excited states |e1, g2〉 and |g1, e2〉. Using these corre-
spondences, the operator |g〉〈ξ1| in eq. (A1) is expressed
as the operator |g1, g2〉〈e1, g2| = |g1〉〈e1| ⊗ |g2〉〈g2| on
the Hilbert space of the two two-level atomic systems.
Likewise, The operator |g〉〈ξ2| in eq. (A2) is expressed
as the operator |g1〉〈g1| ⊗ |g2〉〈e2|. The operators given
by eqs. (A1) and (A2) are then expressed by substituting
these expressions as
aˆ†1σˆ
(1)
− = |g1〉〈e1| ⊗ |F(1)1 〉〈F(0)1 | ⊗ |g2〉〈g2|
⊗
(
|F(1)2 〉〈F(1)2 |+
∫ ∞
−∞
dkL2 |F(2)2 〉〈F(2)2 |
+
∫ ∞
−∞
dkR2 |F(3)2 〉〈F(3)2 |
)
(A3)
aˆ†2σˆ
(2)
− = |g1〉〈g1|
⊗
(
|F(1)1 〉〈F(1)1 |+
∫ ∞
−∞
dkL1 |F(2)1 〉〈F(2)1 |
+
∫ ∞
−∞
dkR1 |F(3)1 〉〈F(3)1 |
)
⊗ |g2〉〈e2| ⊗ |F(1)2 〉〈F(0)2 | (A4)
These operators can be expressed on the state descrip-
tions |kLj〉 |kRj〉, |Cj〉, and |Ej〉 for j = 1, 2 as
aˆ†1σˆ
(1)
− = |C1〉〈E1|
⊗

|C2〉〈C2|+ ∑
i=L,R
∫ ∞
−∞
dki2 |ki2〉〈ki2|


(A5)
aˆ†2σˆ
(2)
− =

|C1〉〈C1|+ ∑
i=L,R
∫ ∞
−∞
dki1 |ki1〉〈ki1|


⊗ |C2〉〈E2|.
(A6)
The matrix representation of the interaction Hamiltonian∑
j=1,2 Hˆ
(j)
intac given by eq. (29) is thus obtained by the
above equations.
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